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Abstract An ample amount of evidence supporting the violation of locality has been pre-
sented in quantum theory. If such an instantaneous influencing is possible, it is worth consid-
ering the possibility of a causality violation in quantum theory, i.e., a future event influencing
the past. Motivated by the delayed-choice gedanken experiment, we provide two protocols
of entanglement swapping that are subtle in involving causality conditions. In particular,
we present protocols in which locality constraints are identical to causality conditions and
closely examine Bell-inequalities violation based on these protocols. These protocols will
provide a clear picture of how quantum theory still preserves causality while locality is vio-
lated. We also discuss a potential threat to the entanglement-based key distribution schemes.
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1 Introduction

Bell’s theorem [1] and subsequent experimental verification [2] confirmed that the locality
condition [3] is not preserved in quantum mechanics (see [4] for a review). That is, outcomes
predicted by quantum theory cannot be reproduced locally. A large number of theoretical
[5-7] and experimental [8—10] results have followed supporting this result. Since quantum
theory violates the locality constraints, it seems reasonable to consider the possibility that
quantum mechanics violates not only locality, but also causality. Wheeler proposed [11, 12]
a scheme in which the path of a particle seems to depend on the later choice of detectors’
positions, thereby implying that the past event may depend on the future event. This proposal
became known as Wheeler’s delayed-choice gedanken experiment and was also realized
experimentally in [13].

In recent years, a number of applications of entanglement have been found, including
cryptography [14], teleportation [15], and communication [16]. However, it is generally de-
sired to create a long-distance entanglement in order to use these applications. One of the
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main advantages of entanglement-swapping schemes [17] is that they are able to create a
long-distance entanglement using many short-range ones [18, 19]. Entanglement-swapping
schemes are as follows: for qubits 1 and 2, 3 and 4 are maximally entangled. When a mea-
surement is made with Bell basis on qubits 2 and 3, it creates a maximally entangled state
between 1 and 4, i.e., the initial entanglement between 1 and 2, 3 and 4 are now swapped
into 2 and 3, 1 and 4. Entanglement swapping has also been found useful in creating a
quantum bus in computer architecture [20]. A few years ago, Peres showed a case where an
entanglement-swapping scheme was considered, but with a little twist [21], i.e., a delayed-
choice experiment using entanglement swapping. In the proposal, Peres shows that two par-
ticles that have never interacted before exhibit correlation depending on the measurement
performed after the two particles are already measured. Later, Bruckner et al. [22] showed
that the two particles not only exhibit entanglement, but that the degree of entanglement can
also be post-created.

In this paper, we will provide two gedanken experiments involving entanglement swap-
ping in which causality conditions appear to be violated. In particular, we will present
gedanken experiments in which causality conditions are identical to the locality constraints.
We then use Clauser-Horne-Shimony-Holt (CHSH) inequalities [5] and show that they ap-
pear to violate the inequalities; therefore, the locality conditions and the causality conditions
are violated. We will present the first protocol that appears to violate causality conditions,
then we will present a similar protocol that appears to violate causality conditions as well
as locality conditions. However, we will show that the same result can be obtained using
product states rather than entangled states, and we will provide an explanation as to why
two protocols seem to violate causality. We will also discuss the possibility of simulating
entanglement with product states when entanglement-swapping scheme is involved.

2 The First Protocol

Let us first introduce a notation. We define the usual Bell states as follows, |¢i)ij =
%(IOO) £[11));; and vy = %(|01) =+ [10));;. In our setup, two Bell states |¢1);, and
|¢T )34 are created at two separate regions, as shown in Fig. 1, and qubit 1 is carried to Alice,
qubit 4 to Bob, and qubits 2 and 3 are delivered to Victor. We assume that Alice, Bob and
Victor are all separated from each other in far distances. We now would like to introduce

Victor

Fig. 1 The horizontal coordinate indicates a distance x and the vertical coordinate is for time ¢ where time
flows from bottom to top. Initially, two Bell states |¢ )15 and | )34 are created at two distant regions.
Then, qubit 1 is carried to Alice and measured at t = 4-2, qubit 4 to Bob and measured at r = 4-1, and qubits
2 and 3 are delivered to Victor and measured at t = +3
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a notation to indicate the timing of measurements performed on qubits 1, 4, and 2 and 3
by Alice, Bob, and Victor, respectively. With t = +1, 42, 43, it is assumed that an event at
t = +1 takes place before events at = +2, +3, and an event at t = +2 takes place before an
event at = 43 and so on. We also assume that the time differences among t = +1, +2, 43
are much smaller compare to the distance between Alice, Bob, and Victor such that the
events taken place at t = +1, 42, +3 cannot influence each other in a local way, i.e. at the
speed of light at best. Now suppose qubit 4 is measured first by Bob at r = +1. Then at
t =42, qubit 1 is measured by Alice with the choice of basis between two distinct observ-
ables A, and A, (at this stage, we do not need to worry about what A; and A, are). Then
at t = 43, Victor measures qubits 2 and 3 with his choice of basis between two different
observables V; and V,.

If we assume the choice of observables A; and A, is made right before the measurement
of qubit 1, therefore after qubit 4 is measured at = +1, then causality imposes that the
outcome of qubit 4 cannot depend on A; (i = 1, 2). Note that, in this setting, even with an
instantaneous influencing, it is not possible for the outcome of qubit 4 to be dependable
on the Alice’s choice of observables. As can be seen in Fig. 1, it would require a signal
going back in time. If we denote the outcome of qubit 4 as Oy, then causality implies (c1)
Oy # O4(A;). Similarly if we assume the Victor’s choice between V; and V; is made right
before making a measurement on qubits 2 and 3 at t = +3, therefore after r = 42, causality
imposes the second condition that the outcome of qubit 1 cannot depend on the choices of
Vi and V5, or (¢2) Oy # O1(V;) where i = 1, 2. Since the measurement on qubit 4 was
made before the choice of Alice, the outcome of qubit 4 certainly cannot be dependent on
Vi, i.e. (€3) O4 # O4(V;). Therefore in the setup shown in Fig. 1, causality implies all three
conditions, (c1-¢3), to be satisfied.

Next, we wish to discuss locality conditions for the setup we are considering as shown
in Fig. 1. We assumed that the time differences among ¢t = +1, +2, 43 are much smaller
than the time it takes to signal between Alice, Bob, Victor in a local way (i.e. by the speed
of light at best). Then under this setting, and with a locality assumption, we could draw the
following conditions, i.e. (L1) the outcome of qubit 4 is independent of Alice’s choice of
observables A and A,, (L2) the outcome of qubit 1 is independent of V; and V5, and (L3)
the outcome of qubit 4 cannot depend on the Victor’s choice between V; and V,. The locality
conditions (L.1) and (L2) are the same as in the usual two particle entanglement for CHSH
type inequalities [5] except that the Victor’s choice between V; and V; replaced Bob’s choice
of observables. The condition (L3) is an extra locality condition added to the usual locality
assumptions. Let us assume that E(A;, V;) indicate the average value of outcomes for qubit
1 and 4 when the observables A; and V; are chosen. Based on the locality assumptions (L1),
(L2), and (L3), we could obtain the following inequality condition for local models [5],
[E(A1, Vi) + E(A2, V1) + E(A1, Vo) — E(A, Vo)| < +2 and |E(A, V1) + E(A2, V) —
E(A1, V2) + E(As, V5)| < 42 where, E(A;,V;) = [ O1(A;, VO pM)dA (i, j =1,2)
with A as hidden variables, and p(X) as a probability density function. Note that the average
values E(A;, V;) are the same as in CHSH proof (where V; are replace by B;) except that
we have an extra constraint, (L3), therefore O4(1) in E(A;, V;) has no dependence on V;.

We now wish to consider the outcome predicted by quantum mechanics. In order to do
s0, let us first introduce another notation, |x*);; = %(|O+) +[1-));;, InF); = %(|0—) +
[1+4));; where |£) = %(lO) +|1)). With the newly defined states of |x*) and |7*), we can

obtain the following relations, [¢™)12 ® [¢F)zs = 2(1¢T)2s ® |9 )1s + |97 )23 ® 7 )1s +

@Y+ ¥ )@Y i) =30x s ®@IxHDu+Ix )@ Ix s+ InH)s®
Int )14 + 117 )23 ® |7 )14). It represents usual entanglement swapping outcomes with Bell
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states. It can be seen that the newly defined states | x ) and |T) also exhibit a similar entan-
glement swapping as shown in Bell states. Since |x*) and |»*) form an orthonormal basis
for a two-qubit measurement, we let Victor’s choice of observable V; correspond to the basis
{l¢T)23, [¥T)23) and V5 to be {|xT)as, [ )23). Let us also define the observable choices for
Alice as A} = %O‘X + %az and A, = —%ax + %az where o, and o, are Pauli matrices,
o = 10)(1| 4+ 1)(0] and o, = |0)(0] — [1)(1]. Bob will perform measurements on qubit 4
with only one observable, o,. Following Peres’ proposal [21], after many runs of experiment
in the setup of Fig. 1, we categorize the outcomes of qubit 1 and 4 into four sets. That is,
the first set will be when Victor obtains [¢ )23 or |x )3, which we denote as {¢5;, x5}
The other three sets are {¢53, X2}, {wg, n2+3}, and {55, 15;}. We now wish to consider what
quantum theory predicts, after many runs of the experiment, about the outcomes of 1 and
4 will be for each subset. If we assume £(A;, V;) to be the average value of qubit 1 and 4
with A; and V;, after many runs of the experiment, quantum theory predicts the following
result for the first set {¢;, x5}, E(A1, Vi) + E(A2, Vi) + E(A1, Vo) — E(Ag, Vo) = +24/2.
This violates inequality condition derived based on the locality assumption (L1), (L2), and
(L3). That is, the average values predicted from quantum theory cannot be reproduced from
any theory with the locality assumptions (L1-L3).

For the other three sets, quantum theory predicts similar results that violate inequality
conditions. For a set of {¢;, x,3}, we obtain the following relation from the prediction of
quantum states, (A, V1) + E(Az, Vi) —E(A, Vo) + E(Ar, Vo) = +24/2. For the remain-
ing two sets {w;g, 772*3} and {¥53, 153}, quantum prediction yields £(A;, Vi) + £(Az, Vi) —
E(A1L, VD) + E(A2, Vo) = —2V2 and E(A1, V1) + E(A2, V) + E(A1, Vo) — E(Ay, Va) =
—2+/2. Therefore, all four sets violate the inequalities. The violations of inequality imply
the violation of locality conditions, i.e. (L1), (L2), and (L3). Since the locality conditions
(L1-L3) were identical to the causality conditions (c1-¢3), it appears that the violation of
inequality leads to the violation of causality conditions. Therefore it is not immediately clear
why the conclusion of this protocol cannot be true. We wish to provide a second protocol in
which why causality cannot be violated can be shown more vividly.

3 The Second Protocol

Two Bell states |¢ "), and |¢T )34 are created from a single source, as shown in Fig. 2, and
qubit 1 is carried to Alice, qubit 4 to Bob, and qubits 2 and 3 are delivered to Victor. We
assume that Alice, Bob and Victor are all separated from each other in far distances. Similar
to the first protocol, with + = +1, 42, it is assumed that an event at t = +1 takes place
before events at + = +2. It is also assumed that the time difference among t = +1, +2 is
much smaller compare to the distances between Alice, Bob, and Victor such that the events
taken place at t = +1, 42 cannot influence each other in a local way, i.e. at the speed of
light at best. Now suppose qubits 1 and 4 are measured first by Alice and Bob, respectively,
at t = +1. Then at r = +2, Victor measures qubits 2 and 3 with his choice of basis among
four different observables V;; where i, j =1, 2.

If we assume the Victor’s choice among V;;’s is made right before making a measurement
on qubits 2 and 3 at t = 42, therefore after + = +1, causality imposes that the outcomes of
qubit 1 and 4 cannot depend on the choice of V;;. Note that, in this setting, even with an
instantaneous influencing, it is not possible for the outcome of qubit 1 and 4 to be dependable
on the Victor’s choice of observables. We will assume that Alice and Bob will measure a
single observable for qubits 1 and 4. If we denote the outcome of qubit 1 and 4 as O; and
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Victor

Fig. 2 The horizontal coordinate indicates a distance x and the vertical coordinate is for time ¢ where time
flows from bottom to top. Initially, two Bell states |¢ )15 and |¢T )34 are created from a single resource.
Then, qubit 1 is carried to Alice and measured at # = 41, qubit 4 to Bob and measured at # = 41, and qubits
2 and 3 are delivered to Victor and measured at t = 42

Oy, respectively, in the setup shown in Fig. 2, causality implies the following conditions,
(') O # O1(Vy5) and (€'2) O4 # O4(V;) to be satisfied.

Next, we discuss locality conditions for the setup we are considering as shown in Fig. 2.
We assumed that the time difference between t = +1, +2 is much smaller than the time
it takes to signal between Alice, Bob, Victor in a local way (i.e. by the speed of light at
best). Then under this setting, and with a locality assumption, we could draw the following
conditions, i.e. (L'1) the outcome of qubit 1 is independent of Victor’s choice of observables
Vij, (L'2) the outcome of qubit 4 is independent of V;;. The locality conditions (L'1) and
(L'2) are the same as in the usual two particle entanglement for CHSH type inequalities
[5] except that the Victor’s choice V;; replaced Alice and Bob’s choice of observables. Let
us assume that E(V;;) indicate the average value of outcomes for qubit 1 and 4 for the
observables V;;. Based on the locality assumptions (L'1) and (L'2), we could obtain the
following inequality condition for local models [5], |E (V1) + E (V1) + E(Vip) — E(Va)| <
+2and |E(Vy) + E(Vay) — E(Vi2) + E(Vy)| < +2 where E(V;;) = [ O1(M)O4(0) p(M)d 2
where i, j = 1,2, A as hidden variables, and p()) as a probability density function. Note
that the average values E(V;;) are the same as in CHSH proof (where V;; are replaced by
A; and Bj).

We now wish to consider the outcome predicted by quantum mechanics. In order to
do so, let us first introduce another notation, |+) = %2(|0) + 1)), |—-) = %2(|0) — 1)),
I+') = «l0) + BI1)), |=') = BI0) — all)), |+") = y[0) + &]1)), |=") = 510) — yI1))
where o = cos T, 8 =sing,y = cos 5, and § = sin F. We also define, |[®E(1, 1)) =
ZUH0) £ =911, WL D) = ()11 £ [=)10)), [@*(1,2)) = S (+)1+) £
|=)1=)), [WH(1,2)) = %(I-P)I—) £ |=)+), 1952, 1) = %(I-F”)IO) = [=")1),
W2, D) = S(+011) £ =710, 19%(2,2)) = ZH(+")+) £ [=")]-). and
[w*(2,2)) = \%(H—”)l—) =+ |=")|+)). With the newly defined states, we can obtain the

following relations, [¢*)12 ® [¢T)as = (D1, j))as ® PTG, ) + [P, )z ®
|7, Dha+ 1WHGE D)) @ TWHGE, D)+ WG j))s @ WG j))1a) whered, j=1,2.
This shows that the newly defined states |®*(i, j)) and |W*(i, j)) also exhibit a similar
entanglement swapping as shown in Bell states. We now define Vector’s choice of observ-
ables as follows, V;; = {|®E(, j))2s, W@, j))a3} where each set for i, j = 1,2 forms an
orthonormal basis. Alice and Bob will perform measurements on qubit 1 and 4 with only
one observable, o,.
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Similar to the first protocol, after many runs of experiment in the setup of Fig. 2,
we categorize the outcomes of qubit 1 and 4 into the following four sets: {|®* (i, j))2},
(1D, )}, (IWT3E, j))as), {IW™ 3, j))as} where i, j = 1,2. We now wish to consider
what quantum theory predicts, after many runs of the experiment, about the outcomes of
1 and 4 will be for each subset. If we assume g+ (V;;) to be the average value of qubit
1 and 4 for the subset in {|®* (i, j))23} when Victor chooses to measure V;;, quantum
theory predicts, after many runs of the experiment, the following result, £+ (AB| Vi) +
Eo+ (AB|Va1) 4+ E+ (AB|V13) — Eo+ (AB| V) = +24/2. This violates the inequality con-
dition derived based on the locality assumption (L'1) and (L'2). That is, the average values
predicted from quantum theory cannot be reproduced from any theory with the locality as-
sumptions (L'1) and (L'2). For the other three sets, quantum theory predicts similar results
that violate inequality conditions. For a set |®~ (i, j)), we obtain the following relation
from the prediction of quantum states, E¢- (AB|V11) + Eo- (AB|Va1) — Eo-(AB|V12) +
Eo- (AB|Va) = +2+/2. For the remaining two sets, |U* (i, j)) and |®~ (i, j)), quantum
prediction yields g+ (AB|Vi1) + Eg+ (AB|Vay) + Ey+ (AB|Viy) — Ey+ (AB| V) = —24/2
and Ey- (AB|Vi)) + Eu— (AB|Va)) — Ey- (AB|Vi3) 4+ Ey- (AB| Vi) = —2+4/2. Therefore, all
four sets violate the Bell-CHSH inequalities. The violations of inequality appear imply the
violation of locality conditions, i.e. (L'1) and (L'2).

4 No Causality Violation

We considered a setting where locality conditions (L'1) and (L'2) are identical to causal-
ity conditions (¢'1) and (¢'2). Therefore, it seems that the quantum prediction violates the
locality condition, and therefore the causality conditions. However, let us consider the fol-
lowing scheme. That is, we wish to re-consider the setup shown in Fig. 2, however, rather
than two entangled Bell states |¢)1, and |¢™ )34, the source creates the following prod-
uct states, with P = 1/4 for each, |0); ® |0); ® |0)3 ® [0)4, |0); ® [0) ® |[1)3 ® |1)4,
1)1 ® 1), ®10)3 ® |0)4, and [1); ® |1), ® |1)3 ® |1)4. As before, Alice and Bob will mea-
sure qubits 1 and 4, respectively, with one observable o, and Victor will choose between
four bases V;; (where i, j = 1, 2) to measure qubits 2 and 3. We then categorize the out-
comes of qubit 1 and 4 depending on the measurement result by Victor for qubits 2 and 3
according to the four sets, {|®% (G, j))as}, (|, j))as}, {IWF(, j))as} {IWT (i, j))2s3}. For
example, for a set for |®T (i, j)), we calculate the average value for qubits 1 and 4 when
Vi1 is chosen. This yields the same value as ¢+ (V1) in the relation from quantum predic-
tion, g+ (AB|V11) + Ep+ (AB| V1) + Ep+ (AB| Vi) — Eo+ (AB|Vay) = +24/2. Similarly,
the average can be obtained for Vi,, V51, Vo, and it satisfies the outcome predicted in case
of two entangled initial Bell states. Similarly, for each sets, {|®~ (i, j))»}, {I¥T3, j))xs),
{I¥~(, j))23}, the outcomes of qubits 1 and 4 will be the same as in the relations from
quantum predictions, i.e., the case with entangled states. Therefore, with product states, Bell
inequalities are still violated. We therefore see that the violation of Bell-CHSH inequalities
appear to be violated even with product states just as in the entangled Bell states. There is
no violation of causality because it is only when Victor categorizes into four groups, the vi-
olation occurs. One can see that after Alice or Bob measures at t = 41, the state remaining
for Victor at t = +2 are |00),3, |01)73, [10),3 and |00),3 with equal probabilities. Therefore,
this can be simulated with product states as shown above. Similarly in the first protocol,
when Alice and Bob measure qubits 1 and 4, the corresponding states for qubits 2 and 3
are prepared for Victor. Then Victor may obtain the outcomes on these states by performing
a measurement with V; or V,. Again, the violation of Bell-CHSH inequalities only occurs
after the categorization into groups.
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One of the main points of entanglement swapping is that after Bell measurement, the
remaining states fall into four Bell states rather than one. If the outcome was just one Bell
state with unit probability that violates inequalities, we could have had causality violation
in the two protocols provided above. The situation is similar to the Deutsch and Hayden’s
Heisenberg picture formulation of teleportation [23] in which no information is transferred
nonlocally, but contained in the two-bit classical information, i.e., the property of nonlocal-
ity is exhibited depending on the measurement outcomes of Bell measurement. This may
also pose a potential threat to the security of the quantum key distribution schemes using
entanglement and Bell-inequalities violation. Suppose Eve has taken over Victor’s end, then
it is possible to send Alice and Bob the product states. Then Eve could announce her mea-
surement results and know exactly what Alice and Bob obtained, while Alice and Bob’s
results categorized according to Eve’s announcement would still violate the inequalities.
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